Abstract. Let ∆ be a simplicial complex and I ∆ its Stanley-Reisner ideal. We write ∆ e for the exterior algebraic shifted complex of ∆ and ∆ c for a combinatorial shifted complex of ∆. It will be proved that for all i and j one has the inequalities β ii+j (I ∆ e ) ≤ β ii+j (I ∆ c ) on the graded Betti numbers of I ∆ e and I ∆ c . In addition, the bad behavior of graded Betti numbers of I ∆ c will be studied.
Introduction
Kalai [6] together with Herzog [5] offer an attractive introduction, which includes several unsolved problems and conjectures, to the combinatorial and algebraic study of shifting theory in algebraic and extremal combinatorics.
Let S = K[x 1 , . . . , x n ] denote the polynomial ring in n variables over a field K with each deg x i = 1. One of the current trends in computational commutative algebra is the computation of the graded Betti numbers of homogeneous ideals. Recall that the graded Betti numbers β ij = β ij (I), where i, j ≥ 0, of a homogeneous ideal I ⊂ S are β ij (I) = dim K Tor i (K, I) j .
In other words, the graded Betti numbers {β ij } of I over S, where h = proj dim S I is the projective dimension of I over S. Let ∆ be a simplicial complex on [n] = {1, . . . , n} and I ∆ ⊂ S the StanleyReisner ideal of ∆. We write ∆ s , ∆ e and ∆ c for the symmetric algebraic shifted complex, the exterior algebraic shifted complex and a combinatorial shifted complex, respectively, of ∆. Since the paper [1] was published, it has been conjectured that for an arbitrary simplicial complex ∆ on [n] one has
for all i and j. The first inequality β ii+j (I ∆ ) ≤ β ii+j (I ∆ s ) was proved in [3] . However, the second and third inequalities remains unsolved.
The main purpose of the present paper is to prove the third inequality β ii+j (I ∆ e ) ≤ β ii+j (I ∆ c ). See Theorem 3.3. Following [5] the fundamental materials on exterior algebraic shifting and combinatorial shifting will be summarized in Section 1. The preliminary steps toward a proof of Theorem 3.3 will be achieved in Section 2.
In addition, in Section 4 the bad behavior of graded Betti numbers of I ∆ c will be studied. More precisely, since a combinatorial shifted complex of ∆ is not unique, it is natural to ask, given a simplicial complex ∆, if there exist combinatorial shifted complexes ∆ c ♭ and ∆ c ♯ of ∆ such that, for each combinatorial shifted complex ∆ c of ∆ and for all i and j, one has
Unfortunately, in general, the existence of such the combinatorial shifted complexes ∆ 
Algebraic shifting and combinatorial shifting
Let [n] = {1, . . . , n} and write
for the set of i-element subsets of [n]. Let K be an infinite field and S = K[x 1 , . . . , x n ] the polynomial ring in n variables over K with each deg x i = 1. Let V be a vector space over K of dimension n with basis e 1 , . . . , e n and E = n d=0
. Thus ∆ is a collection of subsets of [n] such that (i) {j} ∈ ∆ for all j ∈ [n] and (ii) if τ ⊂ [n] and σ ∈ ∆ with τ ⊂ σ, then τ ∈ ∆. A face of ∆ is an element σ ∈ ∆. The f -vector of ∆ is the vector f (∆) = (f 0 , f 1 , . . . ), where f i is the number of faces σ ∈ ∆ with |σ| = i + 1. (For a finite set σ the notation |σ| stands for its cardinality.) The Stanley-Reisner ideal of ∆ is the ideal I ∆ of S generated by those squarefree monomials x σ with σ ∈ ∆. The exterior face ideal of ∆ is the ideal J ∆ of E generated by those monomials e σ with σ ∈ ∆.
If I ⊂ S is a squarefree ideal, i.e., an ideal generated by squarefree monomials, with each x i ∈ I, then there is a unique simplicial complex ∆ on [n] with I = I ∆ . If I ⊂ E is a monomial ideal, i.e., an ideal generated by monomials, with each e i ∈ I, then there is a unique simplicial complex ∆ on [n] with I = J ∆ .
We refer the reader to [2] for the foundation on the Gröbner basis theory in the exterior algebra. We will work with the reverse lexicographic order < rev on E induced by the ordering e 1 > e 2 > · · · > e n . Given a homogeneous ideal I ⊂ E, we write Gin(I) for the generic initial ideal [2, p. 183] of I with respect to < rev .
A monimial ideal I ⊂ E is called strongly stable if for each monomial e σ ∈ I and for each j ∈ σ one has e (σ\{j}) {i} ∈ I for all i < j with i ∈ σ. The generic initial ideal Gin(I) of a homogeneous ideal I ⊂ E is strongly stable [2, Proposition 1.7]. We say that a simplicial complex ∆ on [n] is shifted if the monomial ideal J ∆ is strongly stable. In other word, ∆ is shifted if ∆ posseeses the property that for each face σ ∈ ∆ and for each i ∈ σ one has (σ \ {i}) {j} ∈ ∆ for all j > i with j ∈ σ.
A shifting operation on [n] is a map which associates each simplicial complex ∆ on [n] with a simplicial complex Shift(∆) on [n] and which satisfies the following conditions:
The exterior algebraic shifted complex of a simplicial complex ∆ on [n] is the simplicial complex ∆ e on [n] with 
, where σ ∈ ∆ and where
It follows from, e.g., [5, Corollary 8.6 ] that there exists a finite sequence of pairs of
is shifted. Such a shifted complex is called a combinatorial shifted complex of ∆ and will be denoted by ∆ c . A combinatorial shifted complex ∆ c of ∆ is, however, not necessarily unique. The shifting operation ∆ → ∆ c , which is in fact a shifting operation ([5, Lemma 8.4]), is called combinatorial shifting.
Linear algebra
Let K be an infinite field, S = K[x 1 , . . . , x n ] the polynomial ring in n variables over K with each deg x i = 1 and E = n d=0 d (V ) the exterior algebra of a vector space V over K of dimension n with basis e 1 , . . . , e n . Assume that the general linear group GL(n; K) acts linearly on E. Let, as before, < rev be the reverse lexicographic order on E induced by the ordering e 1 > · · · > e n .
Given an arbitrary homogeneous ideal I =
, fix ϕ ∈ GL(n; K) for which in <rev (ϕ(I)) is the generic initial ideal Gin(I) of I. Recall that the subspace
d ) whose columns are indexed by σ ∈ 
Corollary 2.2. The rank of a matrix
, is independent of the choice of ϕ ∈ GL(n; K) for which Gin(I) = in <rev (ϕ(I)) together with a K-basis f 1 , . . . , f s of I d .
Corollary 2.3. Let I ⊂ E be a homogeneous ideal and ψ ∈ GL(n; K). Then one has rank(M
Proof. Recall that there is a nonempty subset U ⊂ GL(n; K) which is Zariski open and dense such that Gin(I) = in <rev (ϕ(I)) for all ϕ ∈ U. Similarly, there is a nonempty subset V ⊂ GL(n; K) which is Zariski open and dense such that Gin(ψ(I)) = in <rev (ϕ ′ (ψ(I))) for all ϕ ′ ∈ V . Since Uψ
V , then Gin(I) = in <rev (ρ(ψ(I)) = Gin(ψ(I)) and the matrix M(I, d) with using ρψ ∈ U and a K-basis f 1 , . . . , f s of I d coincides with M(ψ(I), d) with using ρ ∈ V and a K-basis ψ(f 1 ), . . . , ψ(f s ) of ψ(I) d .
If u = e σ is a monomial of E, then we set m(u) = max{ j : j ∈ σ }. Given a monomial ideal I ⊂ E, one defines m ≤i (I, d), where 1 ≤ i ≤ n and 1 ≤ d ≤ n, by
. Then given a homogeneous ideal I ⊂ E one has
Proof. Let τ ∈ Let I ⊂ E be a monomial ideal. Fix 1 ≤ i < j ≤ n. Let t ∈ K and introduce the linear injective map S t ij : I → E satisfying S t ij (e σ ) = e (σ\{j}) {i} + te σ , if j ∈ σ, i ∈ σ and e (σ\{j}) {i} ∈ I, e σ , otherwise, where e σ ∈ I is a monomial. Let I ij (t) ⊂ E denote the image of I by S t ij . Lemma 2.5. (a) If t = 0, then there is λ t ij ∈ GL(n; K) with I ij (t) = λ t ij (I). In particular the subspace I ij (t) is an ideal of E.
(b) Let ∆ denote the simplicial complex on [n] and J ∆ its exterior face ideal. Then
(iii) Let j ∈ σ and i ∈ σ with e (σ\{j}) {i} ∈ I. Then λ t ij (e σ ) = e (σ\{j}) {i} + te σ and S t ij (e σ ) = e σ . Since e (σ\{j}) {i} ∈ I, S t ij (e (σ\{j}) {i} ) = e (σ\{j}) {i} ∈ I ij (t). Thus λ t ij (e σ ) ∈ I ij (t). (iv) Let j ∈ σ and i ∈ σ with e (σ\{j}) {i} ∈ I. Then λ t ij (e σ ) = e (σ\{j}) {i} + te σ and S t ij (e σ ) = e (σ\{j}) {i} + te σ . Thus λ t ij (e σ ) ∈ I ij (t). Hence λ t ij (I) ⊂ I ij (t). Since each of λ t ij and S t ij is injective, one has I ij (t) = λ t ij (I), as desired.
(
If e σ ∈ (J ∆ ) ij (0) with e σ ∈ J ∆ , then there is e τ ∈ J ∆ with σ = (τ \ {j}) {i}. Since σ ∈ ∆, τ ∈ ∆ and τ = (σ \ {i}) {j}, one has τ = C ij (σ) ∈ Shift ij (∆).
there is τ ⊂ [n] with τ ∈ ∆ such that σ = (τ \ {i}) {j}. Hence j ∈ σ, i ∈ σ and e τ = e (σ\{j}) {i} ∈ J ∆ . Thus e τ ∈ (J ∆ ) ij (0) and e σ ∈ (J ∆ ) ij (0).
Lemma 2.6. Work with the same notation as in Corollary 2.4. One has
Proof. Fix a finite set A ⊂ K with 0 ∈ A for which |A| is sufficiently large. Let ϕ ∈ GL(n; K) for which in <rev (ϕ((J ∆ ) ij (t))) is the generic initial ideal of (J ∆ ) ij (t) for all t ∈ A. By using ϕ ∈ GL(n; K) together with a K-basis {S t ij (e σ ) :
Since r(t) is equal to the largest size of nonzero minors of M σ (i,d) ((J ∆ ) ij (t), d), it follows that there is a subset B ⊂ A with |A \ B| ≥ 2 such that r(a) = r(a ′ ) for all a, a ′ ∈ A \ B and that r(b) ≤ r(a) for all b ∈ B and for all a ∈ A \ B. In particular r(0) ≤ r(a) for all a ∈ A \ B. By virtue of Corollary 2.3 and Lemma 2.5, one has r(0) = rank(M(J Shift ij (∆) , d)) and r(a) = rank(
Corollary 2.7. Let ∆ be a simplicial complex on [n]. Then for all i and d one has
Proof. Corollary 2.4 together with Lemma 2.6 guarantees that m ≤i (Gin(
3. Graded Betti numbers of I ∆ e and I ∆ c
We now approach to the final step to prove the inequalities β ii+j (I ∆ e ) ≤ β ii+j (I ∆ c ) for all i and j on graded Betti numbrs of I ∆ e and I ∆ c . Lemma 3.1 stated below essentially appears in [1, pp. 376 -377]. 
